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Abstract 

We show that //-hypersurfaces of H" x M contained in a vertical cyhnder and with Ricci 
curvature with strong quadratic decay have mean curvature \H\ > (n — l)/n. 
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1 Introduction 

Barbosa-Kenmotsu-Oshikiri in [3] and Salavessa in [16] independently proved that if an entire 
graph of a smooth function / : H" M has constant mean curvature H then \H\ < {n — l)/n. 
On the other hand, Bessa-Montenegro in [T] showed that the mean curvature of any compact 
i7-hyper surf ace immersed in H" x M satisfies \H\ > [n — l)/n. It should be remarked that 



this result for embedded if-surfaces {n = 2) was proved by Nelli- Rosenberg in [M] and it was 
implicit in Hsiang-Hsiang's paper [10]. The case of embedded if-hypersurfaces {n > 2) follows 
from Salavessa's work [TU], [I7j. The purpose of this paper is to extend Bessa-Montenegro's 
result to cylindrically bounded complete hypersurfaces M of H" x M with Ricci curvature with 
strong quadratic decay. We say that a complete Riemannian manifold M has Ricci curvature 
RicM with strong quadratic decay if 



RicM{x) >-c^[l + Pm{x) log2 (pm(x) + 2)] 



where pm is the distance function on M to a fixed point Xq and c = c{xq) > is a constant 
depending on xq. An immersed submanifold M C x M is said to be cylindrically bounded 
if p{M) is a bounded subset of N, where p : x R ^ is the projection on the first factor 
p{x, t) = X. Our main result is the following theorem. 

thml Theorem 1.1 Let M be a complete hypersurface immersed in H" x M with Ricci curvature 
with strong quadratic decay. If M is cylindrically bounded then supj^ \H\ > {n — l)/n. 
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Calabi, [2J in the sixties asked whether there were complete bounded minimal surfaces in M.^. 
It is well known that this question was completely answered. See [T3], [12] for non-existence of 
complete bounded minimal surfaces with bounded sectional curvature, see [6] for non-existence 
of complete bounded minimal surfaces with sectional curvature with strong quadratic decay 
and see [T3] for the first example of a complete bounded minimal surface in M^. Naturally, one 
can ask whether there are complete bounded minimal surfaces in x M. The answer is not 
if the minimal surface has sectional curvature with strong quadratic decay. This is implied by 
Theorem fll.ll) . In fact, it can be restated as the following corollary. 

Corollary 1.2 Let M be a complete H -hypersurface immersed in H"' x M with Ricci curvature 
with strong quadratic decay. If \H\ < {n — l)/n then M is not cylindrically hounded. 

It is well known that the coordinate functions of any minimal surface of are harmonic, thus 
if one of the coordinates is bounded then the minimal surface is non-parabolic. In our second 
result, we show that cylindrically bounded if-hypersurfaces of H" x M with \H\ < {n — l)/n 
are non-parabolic. 

Theorem 1.3 Let M be a complete immersed hypersurface in H" x M with bounded mean 
curvature sup^^ \H\ < {n — l)/n contained in a vertical cylinder. Then M is non-parabolic. 

Any hypersurface of S" x M is cylindrically bounded, nevertheless, the Theorems (II. ip and (11.31) 
have appropriate versions for x M. 



thm3 1 Theorem 1.4 Let M be a complete hypersurface immersed m §" x M with Ricci curvature with 
strong quadratic decay. If pi{M) C -B§n(r), r < 7r/2 then supj^.^ \ H\ > {n — 1) cot{r)/n. 



Theorem 1.5 Let M be a complete hypersurface immersed m §" x M with bounded mean 
curvature sup^j \H\ < (n — 1) cot(r)/?7,, r < 7i/2. Then M is non-parabolic. 



2 Preliminaries 

Let : M ^ N he a.n isometric immersion, where M and are complete Riemannian m 
and n manifolds respectively. Consider a smooth function g : N —>■ and the composition 
f = g o ip : M M.. Identifying X with dip{X) we have at g G M and for every X G TgM that 



therefore 



(grad/, X) = df{X) = dg{X) = (grad^?, X), 



grad(7 = grad/ + (gradf?)"'", (1) eqBFl 



where (grad (7)-*" is perpendicular to TqM. Let V and V be the Riemannian connections on M 
and N respectively, a(g)(X, F) and Hess /(g) (X, F) be respectively the second fundamental 



2 



thmHess 



form of the immersion Lp and the Hessian of / at g G M, X, y G TpM. Using the Gauss 
equation we have that 

Hess/(g) (X, F) = Hess(7(^(g)) (X, F) + (grad (7 , a(X, (2) 

Taking the trace in ([2]), with respect to an orthonormal basis {ei, . . . Cm} for T^M, we have that 



^/(^) = X]Hess5((v9(g)) (ei,ei) + (gradfif, ^a(ei,ei)). 



i=l 



i=l 



These formulas ([2]) and ([3]) are well known in the literature, see [5], [7], [8], [H]. Recall the 
Hessian Comparison Theorem. 

Theorem 2.1 Le^ M he a complete Riemannian manifold and Xq,Xi G M. Let p{x) be the 
distance function distM{xo,x) to xq and let 'y be a minimizing geodesic joining xq and Xi. Let 
be the radial sectional curvatures of M along 7 and let fi{p) be this function defined below. 



k ■ coth(fc ■ p{x)), if sup = —k"^ 



1 



p{x) 



if sup = 



k ■ cot{k ■ p{x)), if sup = k"^ and p < n/2k. 
Then the Hessian of p satisfies 

Hessp{x){X,X) > p{p{x)) ■ \\Xf, Hess p{x){i ,i) 
Where X is any vector in T^M perpendicular to 7'(p(x)). 







The second main ingredient to the proof of our results is the Omori-Yau maximum principle 
[T3] . |18j . [H] in the generalized version proved by Chen-Xin in [B]. 

Theorem 2.2 (Omori-Yau Maximum Principle, [6J) Let M be a complete Riemannian 
manifold with Ricci curvature with strong quadratic decay. Let u be a C"^ function bounded 
above on M . Then for any sequence ek ^ of positive numbers there exists a sequence of 
points Xfc G M such that 



i. lim 



a. |gradn|(a;fc) < 
Hi. Au{xk) < Cfc. 

Remark 2.3 R is clear in the proof of the Omori- Yau maximum principle that u is allowed to 
be only C° in a measure zero subset of M . So that u can be the distance function on M to a 
fixed point. See page 360 of JU^. 
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(3) I eqBF3 



(4) I eqBF5 



(5) I eqBF6 
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3 Proof of the Results 



Our results (Thms. (11. 11 II. 3[ 11.41 II. 5p are particular case of a more general theorem that we 
present here. First, let (f : M N x he an isometric immersion of a complete Riemannian 
m-manifold M into a complete Riemannian n-manifold N with a pole and radial sectional 



curvature K^^ 
g : N xR-^I 



< 



-K 



< 0. Let Pn : 



be the distance function to the pole Xq G A^. Set 



and f = g o {f : M ^ R. The Laplacian of / is given by 
= ^^^^^ g{.vi.(l)) (ei,ei) + (grad^f, H). 



1=1 

Here H is the mean curvature vector with norm || || = n\H\. We choose an orthonormal 
basis {ei, . . .e„} for TqM in the following way. Start with an orthonormal basis (from polar 
coordinates) for Tp-^^^g^N, {gradpAr, d/d92, ■ ■ ■ , d/d9n}- We can choose be an orthonormal basis 
for TgM as follows ei = {ei,d/dt)d/dt+ (ei, gradpAr)gradpAr and Cj = d/d9j, j = 2, ...,n (up to 
an re-ordination), where d/dt is tangent to the M-factor. By the Hessian comparison theorem 
we have q & M that 

A /(g) >{n- 1)k ■ coth(K ■ p^)) - n\H\. (6) 
Where the right hand side of the inequality ([6]) is computed at ^p{q). 

Suppose that v^(M) has mean curvature vector || if || = n\H\ < {n — l)/t. This implies 
that the function / is subharmonic. If v^(M) is cylindrically bounded then / is a bounded 
subharmonic function and M is non-parabolic. Suppose in addition the M has Ricci curvature 
with strong quadratic decay. By the Omori-Yau Maximum principle there exist sequences 
efc — s> and Xk E M with Af{xk) < eu- The inequality (EI) at Xk becomes 



tk > Af{xk) >{n- 1)k 



n sup \H\ > 

M 



(7) 



Letting Cfc — > we get a contradiction. This proves the following more general result from 
which Theorems (11.11 and II. 3p are corollaries. 

Theorem 3.1 Let N be a complete Riemannian n-manifold with a pole and radial sectional 
curvature bounded above, Kjsf < —n"^ < 0. Let ip : M ■—>■ N x M. be a complete immersed 
submanifold. Then 



Ifip{M) is cylindrically bounded and has bounded mean curvature vector \\ H 
then M is non-parabolic. 



< (n-l)K 



a. If ip{M) is cylindrically bounded and M has Ricci curvature strong quadratic decay then 
then sup^j \H\ > (n — l)/t/n. 

Now suppose that : M S*^ x M is a complete immersed submanifold. The inequality 
]) becomes in this setting the following inequality. For any q E M 



Algazarra 



voraz 



A f{q) > [{n - 1) ■ cot(psn(.)) - n\H\] (^(g)). 



gigantesc 
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If p{ip{M)) C -Bgn(r), r < tt/2 then cot(r) > 0. Thus if sup^^ \H\ < {n — l)cot(r)/n then / 
is a bounded subharmonic function. And if in addition, M has Ricci curvature with strong 
quadratic decay then we have by Omori-Yau maximum principle that 

ek > A/(xfc) > (n-l) ■ cot(r) - nsup \H\ = 6^ > 

M 

Letting — > we get a contradiction. This proves the following theorem that implies Theorems 
(11.41 and ll.Sp as consequences. 



thm6 I Theorem 3.2 Let ip : M "-^ x M. be a complete immersed submanifold. 

i. If p{(f{M)) C Bgn(r), r < tt/2 and supj^,^ \H\ < {n — 1) cot(r)/n then M is non-parabolic. 

a. If p{(f{M)) C Bsn[r), r < tt/2 and M has Ricci curvature strong quadratic decay then 
then supjvf \H\ > {n — 1) cot(r)/n. 
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